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Abstract
Assuming that primordial density fluctuations are nearly Gaussian, from a frequentist viewpoint, the two-
dimensional marginalized joint coincidence contour in the plane (ns, r) (being ns the spectral index and r
the ratio of tensor to scalar perturbations), without the presence of running is often used to test the viability
of the inflationary models. The models that provide, between 50 and 60 e-folds, a curve in that plane lying
outside the 95.5% C.L are ruled out. I will basically argue that, in quintessential inflation, this low number of
e-folds is unjustified, and that models leading to a theoretical value of the running different from zero must be
checked with observational data allowing the running. When both prescriptions are taken into account, dealing
in the context of quintessential inflation, i.e. when the potential is a combination of an inflationary with a
quintessential one that leads to a kination (also called deflation) regime, inflationary models such as the quartic
or the Higgs potential are allowed.
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2I. INTRODUCTION
The inflationary paradigm is an implementation of General Relativity introduced by A. Guth in
his seminal paper [1] to solve the well-known flatness and horizon problems and refined by A. Linde,
A. Albrecht and P.J. Steinhardt [2–4]. Later, some authors such as V. Mukhanov , A. Starobinsky or
A. Guth himself [5–10] realize that inflation could explain, via quantum fluctuations, the origin of
primordial inhomogeneities. In the first and simplest version, inflation was driven by a single scalar
field, named inflation, minimally coupled with gravity and where a potential had a deep well in order
that the inflation field could oscillate and thus, release its energy creating particles that reheat the Uni-
verse and matching with the standard hot Friedmann Universe. However, soon after several authors
introduced multi-fields to implement inflation [11–19] , and calculate, in that case, the relevant quant-
ities coming from perturbations theory [20, 21]. At the same time, theories beyond General Relativity
such as f(R) gravity , tensor-scalar theories or the combination of both were used to introduce this
inflationary period [22–25].
The paradigm changed when at the end of last century observations of distant type-Ia supernovae,
baryonic acoustic oscillations, anisotropies of the cosmic microwave background radiation, and some
other data confirmed the current cosmic acceleration [26–28], then some new models were developed
to understand this behavior and unify the early acceleration with the late acceleration, such as the
introduction of the cosmological constant [29], quintessence models [30, 31], new models of f(R)
gravity [32–34], and more recently the combination of f(R) gravity with tensor-scalar theories [35].
However, in spite of inflation being the most popular solution, there are other scenarios such as the
bouncing cosmologies, where the initial singularity was replaced by a bounce, that overpass the prob-
lems associate to the standard Big Bang theory [37, 38]. In fact, the most promising alternative to the
inflationary paradigm is the so-called matter bounce scenario in Loop Quantum Cosmology and its
refinements [39–42], where in the contracting phase the Universe is matter dominated and after the
bounce it matches with the standard Friedmann model.
Nowadays, recent Planck’s observational data are used to check the viability of theoretical in-
flationary models (see for instance [36, 43, 44]). In the frequentist analysis, usually two essential
prescriptions are used to do that task. The first one, is related with the number of e-folds from observ-
able scales exiting the Hubble radius towards the end of inflation. It is generally assumed that this
number ranges from 50 to 60 e-folds [45], but this assumption comes from the fact that previously
3it was imposed that from the end of inflation to the beginning of reheating, the universe was matter
dominated [46]. However, it is well known that different potentials lead to different phases during this
period, and as we will see, an Equation of State (EoS) parameter greater than zero during this phase
increases the number of e-folds. Therefore, to be rigorous with the analysis, the number of e-folds
must be model dependent.
The other prescription is related with the two dimensional marginalized analysis en the plane
(ns, r), where ns is the spectral index and r is the ratio of tensor to scalar perturbations. Since
each models leads to a curve in this plane that could be parametrized by the number of e-folds,
when the piece of it that contains the number of allowed e-folds belongs in the 95.5% C.L., the
model is viable. However, there is a great difference whether the presence of running is allowed or
not, because the running increases the area of the region that contains the 2σ C.L.. Thus, when the
running is allowed, it is easier for a given inflationary model to pass the test than when the running
is not taken into account. However, although the theoretical inflationary model leads, in general,
to a running of the spectral index, their curves in the plane (ns, r) are usually compared with the
observational 95.5% C.L. without the presence of running, which rules out some models that ought
not to be disregarded, such as quintessential models where inflation is given by a quartic or a one-
dimensional Higgs potential.
The paper is organized as follows: In section 2 I review the calculation of e-folds as a function of
the reheating temperature and the EoS parameter of the effective fluid that drives the universe from
the end of inflation to the beginning of the radiation era. In section 3, I propose some quintessential
inflation models whose potential is the combination of the Higgs-style potential and the cosmological
constant -note that, recently the Higgs field was proposed as responsible, solely or in part, for inflation
[47, 48]-, and others that are the combination of a quartic one and a cosmological constant. Section 4
is devoted to the study of the reheating in such as models. We will see that due to the phase transition
the gravitational production of heavy massive particles with a mass about 1013 GeV, could reheat the
universe at temperatures of the order of 10 GeV. In last section, I perform a detailed calculation of the
number of e-folds for that non oscillating models showing its viability form the fact that the number
of e-folds is always greater than 65.
The units used throughout the paper are ~ = c = 1.
4II. THE NUMBER OF E-FOLDS
To calculate the number of e-folds from the exiting of a pivot scale k∗ to the end of the inflation, I
use the well-known formula [46]
k∗
a0H0
= e−N(k∗)
H(k∗)
H0
aend
aR
aR
aM
aM
a0
, (2.1)
where R (resp. M ) denotes the point when radiation (resp. matter) starts to dominate, the sub-index
0 refers to the present time and end denotes the end of the inflation.
Now we have to relate the scale factor with the corresponding energy density. From the end of
inflation to the beginning of the reheating I will assume that the EoS parameter, namely w, is constant.
Then, one has (
aend
aR
)3(1+w)
=
ρR
ρend
,
(
aR
aM
)4
=
ρM
ρR
, (2.2)
and consequently, if we take as a pivot scale the same as in [45], i.e., k∗ = 0.05 Mpc−1, since the
current horizon scale is a0H0 ∼= 2× 10−4 Mpc−1 (where, as usual, I choose a0 = 1) , one will obtain
N(k∗) = −5.52 + ln
(
H(k∗)
H0
)
+
1
4
ln
(
ρM
ρR
)
+
1
3(1 + w)
ln
(
ρR
ρend
)
+ ln
(
aM
a0
)
. (2.3)
Writing this expression as follows
N(k∗) =
{
−5.52 + ln
(
H(k∗)
H0
)
+
1
4
ln
(
ρM
ρ(k∗)
)
+ ln
(
aM
a0
)}
+
{
1
4
ln
(
ρ(k∗)
ρR
)
+
1
3(1 + w)
ln
(
ρR
ρend
)}
, (2.4)
and using that the temperature of the universe at the beginning of the matter domination era, namely
TM , could be calculated from the formula ρM ∼= pi215gMT 4M with gM ∼= 3.36 [49], and that the process
is adiabatic after reheating, i.e., T0 = aMa0 TM , we can write
N(k∗) ∼=
{
−5.52 + 1
2
ln
(
H(k∗)
Mpl
)
+
1
4
ln
(
pi2
45
gM
)
+ ln
(
T0
H0
)}
+
{
1
4
ln
(
ρ(k∗)
ρend
)
+
[
1
3(1 + w)
− 1
4
]
ln
(
ρR
ρend
)}
. (2.5)
5To evaluate this quantity we need the following observation data: T0 ∼= 2.73 K ∼= 2.34 × 10−13
GeV, H0 ∼ 6× 10−61Mpl ∼= 1.46× 10−42 GeV, and
P ∼= H
2(k∗)
8pi2M2pl
∼= 2× 10−9 (2.6)
where  ∼= M
2
pl
2
(
Vϕ
V
)2
is the main slow roll parameter (see for instance [50]).
If ones assumes, as in [46], that there is not substantial drop of energy at last stages of inflation
(ρ(k∗) ∼= ρend) one obtains
N(k∗) ∼= 58 + 1
4
ln +
[
1
3(1 + w)
− 1
4
]
ln
(
ρR
ρend
)
. (2.7)
From this last formula we see the importance of the EoS parameter between the end of the inflation
and the beginning of the reheating. For example, for power law potentials V (ϕ) = V0
(
ϕ
Mpl
)2n
,
where reheating is due to the oscillations of the inflaton, one has w ∼= n−1n+1 [51, 52], and thus, using
ρR ∼= pi230gRT 4R one gets
N(k∗) ∼= 58 + 1
4
ln +
2− n
12n
ln
(
ρR
ρend
)
∼= 58 + 1
4
ln 
+
2− n
3n
[
1
4
ln
(
pi2
30
gR
)
+ ln
(
TR
ρ
1
4
end
)]
, (2.8)
which means that the last term is negative, and the number of e-folds decreases with the reheating
temperature, only when n < 2.
Now taking into account that for power law potentials one has (see page 10 of [45], where one has
to replace n by 2n, because in [45] the authors consider the power law potential V (ϕ) = V0
(
ϕ
Mpl
)n
instead of the potential V (ϕ) = V0
(
ϕ
Mpl
)2n
considered here)
ns − 1 = −4n(n+ 1)
M2pl
ϕ2
, r = 16 = 32n2
M2pl
ϕ2
, (2.9)
one can deduce that the slow roll parameter  is related with the spectral index via the formula  =
n(1−ns)
2(n+1)
, and since I am assuming ρend ∼= ρ(k∗) ∼= 48pi2× 10−9Mpl, we will obtain the formula
N(k∗) ∼= 58 + 2n− 1
6n
ln
(
n(1− ns)
2(n+ 1)
)
+
2− n
3n
[
1
4
ln
( gR
144
)
+ ln
(
100TR
Mpl
)]
. (2.10)
We can see that second term in the rhs depends on the spectral index, but a small perturbation
of its value do not practically change the value of the term 2n−1
6n
ln
(
n(1−ns)
2(n+1)
)
and consequently the
6value of the number of e-folds is unchanged. Therefore, I can safely take its central value ns =
0.9603 [45]. As a consequence, for reheating temperatures consistent with the bounds coming from
nucleosynthesis, i.e., in the range of 109 GeV and 1 MeV (see for instance [53, 54], where it is
argued that a reheating temperature could be in the MeV regime. Moreover, this low temperature
prevents a late time entropy production due to the decay of non-relativistic gravitational relics such
as gravitinos or moduli particles [55]) and using that gR = 107 for TR ≥ 175 GeV, gR = 90 for
200 MeV≤ TR ≤ 175 GeV, and gR = 11 for 1 MeV≤ TR ≤ 200 MeV [49], one obtains the bound
42 ≤ N(k∗) ≤ 52 for a quadratic potential (n = 1). For a quartic potential (n = 2), which includes
the one-dimensional Higgs potential, one has N(k∗) ∼= 57, and finally, for n > 2 the number of
e-folds lies between 58 + 2n−1
6n
ln
(
n(1−ns)
2(n+1)
)
− 17× 2−n
3n
and 58 + 2n−1
6n
ln
(
n(1−ns)
2(n+1)
)
− 45× 2−n
3n
. The
maximum number of e-folds, is obtained taking the limit n→∞, which gives 62 ≤ N(k∗) ≤ 72.
Note that my result is in complete agreement with the results of [49], and differs about 5 e-folds
of the results presented in [46], because in that work the pivot scale is taken for modes at the current
Hubble scales k∗ = a0H0. In fact, the pivot scale appears in equation (2.4) with the term− ln
(
k∗
aoH0
)
,
which value is −5.52 for the pivot scale used by Planck2013 team [45], i.e., for k∗ = 0.05 Mpc−1,
and 0 when k∗ coincides with the current horizon scale, i.e., for k∗ = a0H0 which is the value used
in [46]. If one chooses k∗ = 0.02 Mpc−1, which is the value used by Planck2015 team [56], one has
− ln
(
k∗
aoH0
)
= −4.6. Thus, we can conclude that depending of the pivot scale chosen the final result
could change around 5 e-folds.
On the other hand, for quintessential inflation, that is, for non oscillatory models, one also obtains
a number of e-folds greater than 62 because at the end of inflation the energy density of the back-
ground must decay faster than that of radiation, this means that the number 1
3(1+w)
− 1
4
that appear in
equation (2.7) must be negative (1 ≥ w > 1
3
). The maximum of e-folds is obtained when w = 1 that
corresponds to the kination [57] (also called deflation [58]) regime, where all the potential energy of
the field is transformed in kinetic.
This result is very important in order to disregard inflationary models, because when one considers
the two-dimensional marginalized joint coincidence contours in the plane (ns, r), begin ns the spectral
index and r the tensor/scalar ratio, one usually restricts the value of the number of e-folds between
50 and 60, this clearly, in the case of polynomial potentials, is only justified for the quadratic one.
Moreover, usually this analysis is done without the presence of running. However the majority of the
models discussed have running, then a more accurate analysis, must allow the running, which extends
7the area within confidence limits, consequently establishing the viability of some models.
Figure 1: Marginalized joint confidence contours for (ns , r), at the 68 % and 95 % CL, with and without the
presence of running of the spectral indices. From darker to lighter, we have plotted the curves (ns(N), r(N))
for power law potentials with n = 1, 2, 3 and 4. (Figure courtesy of the Planck2013 Collaboration).
Dealing with power law potentials V (ϕ) = V0
(
ϕ
Mpl
)2n
, using the well-known formulas for the
slow-roll parameters and the number of e-folds [59]:
 ∼= M
2
pl
2
(
Vϕ
V
)2
, η ∼= M2pl
(
Vϕϕ
V
)
N ∼= 1
M2pl
∣∣∣∣∫ ϕend
ϕ
V
Vϕ
dϕ
∣∣∣∣ , (2.11)
and taking into account the relations
ns − 1 = −6+ 2η, r = 2, (2.12)
a simple calculation leads to
ns(N) = 1− 2n+ 2
n+ 2N
, r(N) =
16n
n+ 2N
,=⇒ ns = 1− n+ 1
8n
r. (2.13)
We can see in the figure 1 that for the quadratic potential, in the presence of the running and dealing
in the 95.5 % C.L. the number of e-folds allowed is from 38 to 89, and thus, in this case the quadratic
potential is viable. However, for the quartic potential the minimum number of e-fold is 62, which
is forbidden because reheating considerations leads to about 57 e-folds. The same happens with the
8one-dimensional Higgs potential [60, 61], which leads approximately to the same number of e-folds
and the curve in the plane (ns, r) as the quartic potential. An unusual way to allow the viability of that
models is to consider the quartic or Higgs field coupled to gravity with a very large coupling constant
[62]. Fortunately, as we will see some quintessential inflation potentials with an phase transition to a
kination regime [57, 58], whose inflationary part is given by a quartic [63] or a Higgs potential [64],
will be allowed.
Finally, for values of n greater or equal to 3, the minimum number of e-folds needed to enter in
the 95.5 % C.L. is greater than 87 which is also forbidden by the reheating considerations presented
above.
III. QUINTESSENTIAL INFLATION MODELS
In this section we will present some quintessential inflation models –a combination of the Higgs
potential with a constant– which are the generalization of the potential obtained in [64] and where
the reheating temperature and the number of e-folds could be calculated more accurately, because
we have an analytic expression of the background. We start with the following dynamical equation,
which depend on two parameters He and b
H˙ =
 −3He(bH − (b− 1)He) for H > HE−3H2 + Λ for H ≤ HE, (3.1)
where b ≥ 2, Λ  H2e is a cosmological constant, HE = bHe2
(
1−
√
1− 4(b−1)
b2
+ 4Λ
3b2H2e
)
, is the
value of the Hubble parameter at the transition time, which ensures that its derivative is continuous at
the phase transition, and since the cosmological constant is very small, we can see that He ∼= HE is
approximately the value of the Hubble parameter at the transition time.
To obtain the potential which leads to this dynamics, i.e., to obtain V (ϕ) whose conservation
equation ϕ¨+ 3Hϕ˙+ Vϕ = 0 has a solution, namely ϕ(t), which leads to a Hubble parameter H(t) =√
ϕ˙2(t)+2V (ϕ(t))
6M2pl
satisfying (3.1), we will use the reconstruction method (see [64] for details), based in
the formula
ϕ = Mpl
∫ √
−2H˙dt = −Mpl
∫ √−2
H˙
dH. (3.2)
9In the case of our particular model we will obtain for H > HE
ϕ = −2Mpl
√
2H
3bHe
− 2(b− 1)
3b2
⇐⇒ H =
(
3bϕ2
8M2pl
+
b− 1
b
)
He. (3.3)
Finally, using that V = 3H2M2pl + H˙M
2
pl, for ϕ < ϕE ≡ ϕ(HE) one obtains
V (ϕ) =
27H2e b
2
64M2pl
(
ϕ2 − 8
3
(
1
2
− b− 1
b2
)
M2pl
)2
− 16(b− 2)
2
9b2
27H2e b
2
64M2pl
M4pl. (3.4)
On the other hand, for ϕ ≥ ϕE since the universe is driven by an stiff fluid plus a cosmological
constant one will obtain V (ϕ) = ΛM2pl.
Summing up, the potential which leads to the background (3.1) is
V (ϕ) =
 λ
(
ϕ2 − 8
3
(
1
2
− b−1
b2
)
M2pl
)2 − γ for ϕ ≤ ϕE
ΛM2pl for ϕ ≥ ϕE,
(3.5)
where, in order to simplify, we have introduced the notation λ = 27H
2
e b
2
64M2pl
, γ = 16(b−2)
2
9b2
λM4pl and
ϕE = −2Mpl
√
2HE
3bHe
− 2(b−1)
3b2
∼= −2b
√
2
3
Mpl is the value of the field at the transition time.
Note that the the inflationary piece of (3.5) is a Higgs-style potential minus the constant γ =
16(b−2)2
9b2
λM4pl, which vanishes for b = 2 obtaining the following exact Higgs-style potential
V (ϕ) =
 λ
(
ϕ2 − 2
3
M2pl
)2 for ϕ ≤ ϕE
ΛM2pl for ϕ ≥ ϕE.
(3.6)
On the other hand, for b > 2 becomes negative in the interval between
−
√
8
3
(
1
2
− b−1
b2
)
M2pl +
√
γ/λ and −
√
8
3
(
1
2
− b−1
b2
)
M2pl −
√
γ/λ ≤ ϕE , meaning that imme-
diately before the phase transition the universe enters in a short ekpyrotic regime. After the phase
transition the universe is driven by an stiff fluid plus a cosmological constant (kination phase).
However, since in quintessential inflation, it is usual to consider positive potentials one can choose a
similar potential, for example, a quartic one with the shape
V (ϕ) =
 λ¯(ϕ4 −M4pl) + ΛM2pl for ϕ ≤ −MplΛM2pl for ϕ ≥ −Mpl, (3.7)
which is always positive.
10
The difference between potentials (3.7) and (3.5), is that the the Higgs-style one given by equation
(3.5) has, by construction, an analytic solution: the background (3.1) that allows us to perform calcu-
lations such as the reheating temperature or the number of e-folds analytically, and thus, without any
dubiously justified assumption.
A. Slow roll parameters for the models
For this model is easy to calculate the slow roll parameters, using the exact formulas [59]
 = − H˙
H2
, η = 2− ˙
2H
. (3.8)
For our model, taking x ≡ 3Heb
H
we have
 = x
(
1− b− 1
3b2
x
)
, η = +
x
2
, (3.9)
and thus, from the relations (2.12) we get
ns = 1− 3x+ 4(b− 1)
3b2
x2, r = 16x− 16(b− 1)
3b2
x2. (3.10)
Note that, if we assume, as usual, that inflation ends when the universe starts to decelerate ( = 1,
i.e., H˙ = −H2), we will obtain that, for our model, inflation ends at
Hend =
3Heb
2
(
1 +
√
1− 4(b− 1)
3b2
)
> 3He ∼= 3HE. (3.11)
Moreover, to evaluate the value of the parameter λ one has to insert the relationH2(k∗) ∼= 9H2e b22 ∼=
64λ
32
Mpl (recall that when the pivot scale leave the Hubble radius x ∼= ) in formula (2.6). Then, since
for the potential (3.5) ones has  ∼= 1−ns3 , taking, ns ∼= 0.96, one gets
λ ∼ 10−14 ⇐⇒ He ∼ 1
b
10−7Mpl. (3.12)
On the other hand, for the quartic potential (3.7), using that  ∼= 8ϕ
6M2pl
(ϕ4−M4pl)2
a simple calculation
shows that inflation ends when ϕend ∼=
√
8.25Mpl ∼ Mpl (inflation ends before the transition to the
kination phase), and using (2.6) one obtains λ¯ ∼ 10−14.
To end this Section, an important final remark is in order: Taking into account that x must be small
-recall that x is of the order of - we can make, in formula (3.10), the approximation ns ∼= 1 − 3x
11
and r ∼= 16x which leads, for the potential (3.5), to the relation ns ∼= 1 − 316r. On the other hand,
from the formula (2.13) for n = 2, we will see that a quartic potential satisfy the same relation
ns ∼= 1− 316r. Consequently, during inflation our family of potentials (3.5) have the same behavior as
a quartic potential, and thus, the curve in the marginalized joint contour is the one that goes from 62 to
132 e-folds in figure 1. Moreover, as we will see in the next Section, the reheating bounds due to the
nucleosynthesis, i.e., the reheating temperature, must lie between 1 MeV to a 109 GeV (see [53, 54]).
This leads, for our model, to a number of e-folds between 63 and 73, meaning that our models (3.5)
are allowed, because they enter in the 95.5% C.L. when the running is present.
IV. REHEATING TEMPERATURE IN QUINTESSENTIAL INFLATION
It is well-known that when the potential has a minimum, the particles are created via the inflaton
decay when it oscillates around the minimum [65]. On the contrary, in quintessential inflation the
models do not have a minimum and it is usually assumed that gravitational particle production is due
to an abrupt phase transition [52], although there are other ways to reheat the universe such as the
so-called instant preheating [66]. Moreover, after the phase transition the background energy density
must decay faster than the energy density of the produced particles in order that, eventually, this last
energy density dominates, which always happens if, after the phase transition, the universe enters in
a kination regime.
Here, I will study the reheating via gravitational creation of heavy massive particles conformally
coupled with gravity during the phase transition. Note that, this is not the case studied in early works,
where following the works of [52, 67, 68], it was always assumed that the reheating was due to the
production of very light particles [58, 63]. In fact, is in the case of oscillating models, when it is
always assumed the production of heavy massive particles due to the breakdown of the adiabatic
regime during the oscillating regime.
On the other hand, in our case the total Lagrangian of the system has the form L = LG +LI +Lχ¯,
where the gravitational part is given by LG = a32 M2plR, quintessential inflation is represented by
LI = a32 (ϕ˙2 − 2V (ϕ)) and the corresponding part of the massive quantum field conformally coupled
with gravity is Lχ¯ = a32 ( ˙¯χ2 − 1a2 |∇χ¯|2 − (m2 + R6 )χ¯2), where R is the scalar curvature and m is the
mass of the particles.
After the change of variable χ = aχ¯ and working in the Fourier space, the Klein-Gordon equation
12
corresponding to the quantum field acquieres the simple form of an harmonic oscillator with a time
dependent frequency
χ′′k + ω
2
k(τ)χk = 0, (4.1)
where ′ denotes the derivative with respect the conformal time τ and ωk(τ) =
√
k2 +m2a2(τ) is the
frequency of the particle in the k-mode.
For the models presented in the previous Section, the case b = 2 is special because the second
derivative of H is nearly continuous, and in the other cases (b 6= 2) is completely discontinuous.
This means, that the number of created particles and consequently the reheating temperature will
be greater in the case b 6= 2 than in the exact case of a one-dimensional Higgs potential combined
with a cosmological constant, because as we have already explained, particle production is due to
the breakdown of the adiabaticity. Since the case b = 2 has been studied in detail in [69], I will
concentrate in the case b > 2. Then, if during the adiabatic regimes, that is, when
ω′k(τ) ω2k(τ) =⇒
√
λMpl  m⇐⇒ He  m, (4.2)
one uses the first order WBK solution of (4.1) to define approximately the vacuum modes [70]
χWKB1,k (τ) ≡
√
1
2W1,k(τ)
e−i
∫ τ W1,k(η)dη, (4.3)
where
W1,k = ωk − 1
4
ω′′k
ω2k
+
3
8
(ω′k)
2
ω3k
. (4.4)
Then, before the transition time, namely τE in conformal time, the vacuum state is depicted ap-
proximately by χWKB1,k (τ), but after the phase transition this mode becomes a mix of positive and
negative frequencies of the form αkχWKB1,k (τ) + βk(χ
WKB
1,k )
∗(τ), and the βk-Bogoliubov coefficient,
which is the key piece to calculate the number and energy density of the produced particles, could be
obtained, as usual, matching both expressions at τE , obtaining
βk =
W [χWKB1,k (τ−E ), χWKB1,k (τ+E )]
W [(χWKB1,k )∗(τ+E ), χWKB1,k (τ+E )]
, (4.5)
where τ−E (resp. τ
+
E ) means the limit on the left (resp. on the right) at the transition time, and
W [f(τ−E ), g(τ+E )] ≡ f(τ+E )g′(τ−E ) − f ′(τ+E )g(τ−E ) is the Wronskian of the functions f and g at the
transition time.
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Then, the square modulus of the βk-Bogoliubov coefficient will be given by (see [71] for a detailed
discussion about the calculation of the number of created particles)
|βk|2 ∼=
m4a10E
(
H¨+E − H¨−E
)2
256(k2 +m2a2E)
5
, (4.6)
where H¨−E (resp. H¨
+
E ), is the value of the second derivative of the Hubble parameter before (after) the
phase transition, and aE denotes the value of the scale factor at the phase transition time. The number
density of produced particles and their energy density is [72]
nχ ≡ 1
2pi2a3
∫ ∞
0
k2|βk|2dk, ρχ ≡ 1
2pi2a4
∫ ∞
0
ωkk
2|βk|2dk, (4.7)
therefore, since for the model (3.5) we have the analytic background (3.1), we can calculate explicitly
the second derivative of the Hubble parameter H¨−E ∼= 9bH3e and H¨+E ∼= 18H3e , leading for the potential
(3.5), the following number and energy density
nχ ∼ 10−3(b− 2)2H
6
e
m3
(aE
a
)3
, ρχ ∼ mnχ. (4.8)
Unfortunately, for the potential (3.7) there is not any analytic background, then to calculate the
second derivative of the Hubble parameter, I will use the equation
H˙ = − ϕ˙
2
2M2pl
⇐⇒ H¨ = − ϕ˙ϕ¨
M2pl
. (4.9)
Note that, from the conservation equation, at the transition time, one has
|ϕ¨(t−E)− ϕ¨(t+E)| = |Vϕ(M−pl )| = 4λ¯M3pl. (4.10)
To calculate ϕ˙(tE), I use that at the transition time all the energy is kinetic, which means that
|ϕ˙(tE)| =
√
6HEMpl, where HE is the value of the Hubble parameter at the transition time. The
problem is that, since we do not have a background, one cannot calculate that value. Therefore, some
assumptions must be made, for example one can argue that there is no substantial drop of energy from
the last stages of inflation to the transition, or just to take, as for the similar potential (3.5) where there
exists an analytic background , HE ∼ He ∼ 10−7Mpl.
Considering the second case we get
|H¨−E − H¨+E | ∼ 10−7λ¯M3pl ∼ H3e , (4.11)
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and we will obtain a number density of produced particles of the same order as for the potential (3.5).
These non relativistic particles are far from being in thermal equilibrium and, at the beginning,
their energy density scales as a−3, eventually they will decay into lighter particles, which will interact
through multiple scattering. Then, a re-distribution of energies among the different particles occurs
and also, an increase in the number of particles will occur [73]. At the end of these process, the
universe becomes filled by a relativistic plasma in thermal equilibrium whose energy density decays
as a−4. Then, in order to obtain the reheating temperature, first of all, one needs to calculate the
moment when thermalization occurs, because there is a first period where the energy density of the
produced particles scales as matter, and another one, after thermalization, where it scales as radiation.
To do that, I will use the thermalization process depicted in [74], where the cross section for 2→ 3
scattering with gauge bosons exchange whose typical energy is ρ
1
4
χ(tE) is given by σ = α3ρ
− 1
2
χ (tE),
with α2 ∼ 10−3. Then, the thermalization rate is
Γ = σnχ(tE) ∼ 10−3/2(b− 2)α3
(
He
m
)2
He. (4.12)
Equilibrium is reached when Γ ∼ H(teq) ∼= He
(
aE
aeq
)3
(recall that after the phase transition the
background evolves like it was driven by stiff matter), which leads to the relation aE
aeq
∼ 10−1/2(b −
2)1/3α
(
He
m
)2/3. Then, at the equilibrium one has
ρχ(teq) ∼ 10−9/2(b− 2)3α3
(
He
m
)4
H4e ,
ρ(teq) ∼ 3× 10−3(b− 2)2α6
(
He
m
)4
H2eM
2
pl. (4.13)
After this thermalization, the relativistic plasma evolves as ρχ(t) = ρχ(teq)
(aeq
a
)4, and the back-
ground evolves as ρ(t) = ρ(teq)
(aeq
a
)6, because we are in the deflationary regime. The reheating is
obtained when both energy densities are of the same order, and that will happen when aeq
aR
∼
√
ρχ(teq)
ρ(teq)
,
and thus, obtain the reheating temperature of the order
TR ∼ ρ
1
4
χ(teq)
√
ρχ(teq)
ρ(teq)
∼ 10−1
(
He
Mpl
)2(
He
m
)
Mpl. (4.14)
Since, as I have showed in (3.12), He ∼ 10−7Mpl and I am considering heavy massive particles
satisfying the condition (4.2), we have to choose particles with masses of the order 1013 GeV or
greater. The greater reheating temperature, TR ∼ 10 GeV, is achieved when m ∼ 1013 GeV.
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To calculate, for our models, the number of e-folds I use the formula (2.10) with n = ∞. Taking
ns = 0.96, gR = 90 and TR ∼ 10 GeV one obtains N(k∗) ∼= 68. Moreover, integrating (3.1), after the
phase transition one has H(t) = HE
1+3HE(t−tE) , and then, at the reheating time HR =
HE
1+3HE(tR−tE) ∼
1
tR−TE when HE(tR − tE)  1. Since HR ∼
T 2R
Mpl
∼ 10−34Mpl, and using that tpl ∼ 10−44 s, one
obtains that the universe reheats around 10−10 s after the phase transition.
To understand the fate of the universe, we have to realize that when it becomes reheated it is filled
by a thermalized relativistic plasma whose energy density is greater than that of the background, and
thus, this relativistic plasma drives the evolution of the universe in the same way as in the ΛCDM
model. Then, since the energy density of this plasma decays as a−4 during the radiation domination
and as a−3 when matter starts to dominate, eventually the energy density of the field will dominate
because the potential energy V (ϕ) = M2plΛ is constant. In fact, if we choose Λ ∼ H20 the kinetic
energy of the field will becomes sub-dominant which respect the potential one. Effectively, since
after the phase transition the potential is constant one will have
ϕ¨+ 3Hϕ˙ = 0⇐⇒ ϕ˙(t) = ϕ˙(tR)e−3
∫ t
tR
H(s)ds
, (4.15)
where tR is the reheating time.
On the other hand, during the radiation and the matter dominated phases, one will have
H(t) =
HR
1 + 2(t− tR)HR , and H(t) =
2HM
2 + 3(t− tM)HM , (4.16)
where the subindicesR,M respectively denote the Hubble rate when radiation and matter domination
will start to dominate. Then, at t = t0, one will get
ϕ˙(t0) =
ϕ˙(tR)
(1 + 2(tM − tR)HR) 32 (2 + 3(t0 − tM)HM)2
=⇒ ϕ˙2(t0) ∼ ϕ˙2(tR)HMH
2
0
H3R
, (4.17)
and consequently, since at the beginning of the radiation era all the energy of the field is kinetic one
will have ϕ˙2(tR) ∼M2plH2R, meaning that nowadays the ratio between the kinetic and potential energy
density, namelyR, satisfies
R ∼= ϕ˙
2(t0)/2
ΛM2pl
∼ HM
HR
∼
(
TM
TR
)2
 10−20, (4.18)
where I’ve used that for our models the reheating temperature is around 10 GeV, and the temperature
at the beginning of the matter domination, as we have seen in Section II, is given by TM = a0aM T0,
with T0 ∼= 2.4× 10−13 GeV and a0aM = 3360 [49].
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Summing up, if one chooses Λ ∼ H20 nowadays the kinetic part of the energy density of the field
is sub-dominant. Moreover, the energy density of the matter is of the order M2plH
2
0 ∼ V (ϕ), which
means that it is the cosmological constant which drives the current evolution of the universe. And
thus, the Friedmann equation becomes H2 ∼= Λ3M2pl , showing that the universe accelerates with and
effective Equation of State parameter nearly −1.
Three final remarks are in order:
1. For b > 2, the first derivative of the potential is discontinuous, this implies that ϕ¨ and con-
sequently H¨ are discontinuous at the transition time. However, for b = 2, is the third derivative
of the Hubble parameter which is discontinuous at the transition time, leading to an smaller
temperature in the regime of the MeV [69]. On can argue that in all cases, i.e. for b ≥ 2, one
has a past Type IV singularity, called ”Big Brake” in [75] and ”Generalized Sudden” in [76],
because the energy density ρ = 3M2plH
2 and the pressure P = −2M2plH˙+3M2plH2 are continu-
ous all the time, but higher derivatives of the Hubble parameter are divergent at the transition
time. In fact, for b > 2 the second derivative of H is discontinuous what means -in a mathem-
atical distributional sense- that the third derivative of H diverges at the transition time. In the
same way, one can see that for b = 2 is the fourth derivative which diverges at the transition
time. However here, it is important to realize that this singularity appears because in the models
I have assumed an instantaneous phase transition in order to have a simple way to calculate the
Bogoliubov coefficients (see formula (4.5)), but if one assumes a phase transition that last a
short period of time, then that undesirable behavior is removed because the derivatives of the
Hubble parameter do not diverge. The difficulty when the phase transition is not instantaneous
is that it is very complicated to calculate the Bogoliubov coefficients, this is the reason why I
have considered an instantaneous one.
2. Even worse happens with the model proposed by Peebles and Vilenkin in [63], where the
Hubble parameter is continuous up to the fourth derivative, what leads to an abnormally small
temperature in the eV regime. And the same happens with potentials that have a more abrupt
17
phase transition
V (ϕ) =
 λ¯(ϕ4 +M4) when ϕ < 0λ¯M4
(ϕ/M)n+1
when ϕ > 0,
(4.19)
with n = 1, 2, 3. A similar calculation as the one performed above shows that the gravitational
production of heavy massive particles leads to an abnormally small reheating temperature in
the eV regime.
3. In [77] the authors consider exponential potentials of the form V (ϕ) = V0e−λϕ
n/Mnpl , showing
that, without allowing the running, for several values of the parameters λ and n the model lies
inside the 68% C.L. of the marginalized joint coincidence contour in the plane (ns, r), and
clearly improve the results obtained in this work. However, the authors argue that the reheating
temperature is greater than 1014 GeV, which not seems to be in agreement with nucleosynthesis
bounds.
V. ACCURATE CALCULATION OF THE NUMBER OF E-FOLDS FOR SOME QUINTESSENTIAL
POTENTIALS
For the quintessential inflation models presented in the previous section we have an explicit ex-
pression of the
k∗
a0H0
= e−N(k∗)
H(k)
H0
aend
aE
aE
aR
aR
aM
aM
a0
= e−N(k∗)
H(k∗)
H0
aend
aE
ρ
−1/12
R ρ
1/4
M
ρ
1/6
E
aM
a0
, (5.1)
where once again, tE is the phase transition time, and we have used the relation between the scale
factor and the energy density in the corresponding different phases.
Then, if we choose the pivot scale as k∗ = 0.005 Mpc−1, one will have
N(k∗) = −5.52 + ln
(
H(k∗)
H0
)
+ ln
(
aend
aE
)
+
1
4
ln
(
ρM
ρR
)
+
1
6
ln
(
ρR
ρE
)
+ ln
(
aM
a0
)
. (5.2)
To calculate ln
(
aend
aE
)
, we will use (3.11), to obtain
ln
(
aend
aE
)
∼=
∫ Hend
He
H
H˙
dH = −b− 1
3b2
ln
[
3b
2
(
1 +
√
1− 4(b− 1)
3b2
)
− b− 1
b
]
− 1
3b
[
3b
2
(
1 +
√
1− 4(b− 1)
3b2
)
− 1
]
∼= −1, (5.3)
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for b ∼ O(1).
Using a0
aM
= 3360 [49], one obtains ln
(
aM
a0
) ∼= −8.12. Further, from (2.6) we also have
ln
(
H(k∗)
H0
)
∼= 130.83 + 1
2
ln
(
1− ns
3
)
∼= 128.67. (5.4)
Now, since the current temperature of the cosmic background is T0 = 2.73 K and the conservation of
entropy implies TM = a0aM T0 ∼ 9× 103 K ∼ 9× 10−10 GeV, using that
ρM
ρR
∼= 2gMT 4MgRT 4R , we obtain that
1
4
ln
(
ρM
ρR
)
∼= −20.35− ln
(
g
1/4
R TR
GeV
)
. (5.5)
Moreover, for our model it turns out that ρ
1
4
E
∼= 1.63λMpl ∼ 4× 1014 GeV. Then,
1
6
ln
(
ρR
ρE
)
=
2
3
(
−33.89 + ln
(
g
1/4
R TR
GeV
))
. (5.6)
Finally, collecting all the results above, it follows that we obtain
N(k∗) ∼= 71.07− 1
3
ln
(
g
1/4
R TR
GeV
)
, (5.7)
which means that if the reheating temperature –with the purpose to ensure the success of
nucleosynthesis– needs to belong in the range between 109 GeV and 1 MeV, then the number of
e-folds must lie between 63 and 73. In particular, when the reheating temperature is of the order of 10
GeV –the scale we obtain if reheating is due to the creation of heavy particles with masses of about
1013 GeV during the phase transition– the number of e-folds of the universe expansion in our model
is approximately 70, which perfectly enters in the 95.5% C.L. when the running is allowed, because
the model gives the same results as the quartic potential (curve between 62 and 132 e-folds in figure
1).
VI. DISCUSSION
Some simple quintessential inflation models, which are the combination of the Higgs potential
with a cosmological constant, are presented. For them, the reheating temperature due to the creation
of heavy massive particles during the phase transition, is approximately 10 GeV, the number of e-
folds around 68 and the theoretical values of ns and r enter in the 95.5% C.L. of the two dimensional
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marginalized joint coincidence contour for (ns, r) when the running is allowed, showing the models’
viability.
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